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(1) while(TRUE)&{&

(2) &&if&((p_ab[CTRL2]&&&0x10)==0)&{&

(3) &&&&u&=&((p_ab[PB]&&&0x0f)&<<&8)&+&p_ab[PA];&&

(4) &&&&u_kg&=&u&*&kal_kg;}&

(5) &&if&((p_cd[CTRL2]&&&0x01)&!=&0)&{&

(6) &&&&for&(idx=0;idx<7;idx++)&{&

(7) &&&&&&e_puf[idx]&=&p_cd[PA];&

(8) &&&&&&if&((p_cd[CTRL2]&&&0x10)&!=&0)&{&

(9) &&&&&&&&switch(e_puf[idx])&{&

(10) &&&&&&&&&&case&’+’:&kal_kg&*=&1.1;&break;&

(11) &&&&&&&&&&case&’^’:&kal_kg&*=&0.9;&break;&}&}&}&

(12) &&&&&&e_puf[idx]&=&’\0’;&}&

(13) &&prin`("Ar$kel:&%07.7s\n",e_puf);&

(14) &&prin`("&%6.2f&kg&",u_kg);&

(15)}
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Dataflow Analysis

! Can&a&value&computed&at&a&certain&statement&flow&to&

another&given&statement?&

! usually&represents&program&as&a&directed&graph&

! nodes&are&statements/predicates&

! edges&describe&the&control&flow&

! allows&analysis&of&programs&with&

– structured&and&

– unstructured&control&flow 
(break,&con$nue,&try&...&catch&...&finally,&goto)
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Intraprocedural Control Flow Graph

! Control&Flow&Graph&(CFG)&G!=!(N,!E,!ns,!ne,!ν)&&
! Set&of&nodes&N&(statements&and&predicates)&

! Dis$nguished&nodes&ns&and&ne&
! Set&of&control&flow&edges&E,&(n,!m)!∈!E  
n!→cf!m!iff&m&may&execute&directly&amer&n&

! Total&anribute&func$on&ν!:!E!→!{true,!false,!ε}!∪!��
condition&under&which&control&flows&along&an&edge&

! Func$ons&succ&and&pred&that&map&the&successors&and&

predecessors&to&each&node.&

! Reachability&is&undecidable,&so&conserva$vely&assumed
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Intraprocedural Control Flow Graph

(1) read(n);&

(2) i&=&1;&

(3) sum&=&0;&

(4) prod&=&1;&

(5) while&(i&<=&n)&{&

(6) &&sum&=&sum&+&i;&

(7) &&prod&=&prod&*&i;&

(8) &&i++;&

(9) }&

(10) write(sum);&

(11) write(prod);
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CHAPTER 2. DEPENDENCE GRAPHS AND SLICING FOR
OBJECT-ORIENTED LANGUAGES

1 read(n);
2 i = 1;
3 sum = 0;
4 prod = 1;
5 while (i <= n) {
6 sum = sum + i;
7 prod = prod * i;
8 i++;
9 }

10 write(sum);
11 write(prod);

START

1

2

3

4

5

10

11

6

7

8

END

true

false

Figure 2.1: Example program and its CFG

2.1 Intraprocedural Dataflow Analysis

Dataflow Analysis (DFA) is a major branch of program analysis. It answers
questions of the form “Can a value computed at a certain statement flow to
another given statement?” For DFA it is customary to represent a program as a
directed graph, where the nodes are the statements or predicates of the program
and the edges describe the control flow , i.e. possible execution sequences of the
statements. The graph-based representation allows analysis of programs with
structured and unstructured control flow, like goto’s or exception handling.

Definition 2.1 (Control Flow Graph). A Control Flow Graph (CFG) is a
directed attributed graph G = (N, E, ns, ne, ⌫). N is the set of nodes repre-
senting statements and predicates which contains two distinguished nodes ns

(START) and ne (END) representing the beginning and termination of the pro-
gram respectively. E is the set of control flow edges (n, m) 2 E, also written
n

cf! m. E contains a control flow edge n
cf! m iff the statement represented by

m may execute immediately after the execution of the statement represented by
n. Therefore, START has no predecessors and END no successors. The total
attribute function ⌫ : E ! {true, false, ✏} [ Z maps the edges to an attribute:
Nodes representing a predicate have two successors where the edge to one node
is attributed with true, the other with false in accordance with the predicate’s
outcome. switch statements may have a variable number of successors where
each edge is attributed with the integer value that the predicate variable must
equal for control flowing to the edge’s target. All other edges are attributed with
✏, the empty attribute. The functions pred and succ return for each node in the
CFG its predecessors and successors, respectively.

Example 2.1. Figure 2.1 shows an example program along with its control flow
graph. The nodes are represented with the line number of the corresponding
statement.
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Monotone Dataflow Analysis Framework

! most&important&class&of&dataflow&analysis&

! compute&the&most&precise&solu$on&under&certain&condi$ons&

! only&takes&a&finite&number&of&steps&

– even&if&loops&have&infinitely&many&paths&

! Basic&data&structure:&complete&laoce&!!=!(L,!⊑,!⨆,!⨅,!⊥,!⊤)
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Monotone Function Space

! Set&of&func$ons&ℱ&on&a&meet&semi^laoce&!!=!(L,!⊑,!⊓,!⊥)&
! ∃idL!∈!ℱ:!∀x!∈!L:!idL(x)!=!x&(iden$ty&func$on)&
! ∀F!∈!ℱ:!∀x,4y!∈!L:!x4⊑'y'⇒'F(x)'⊑'F(y)&(monotonicity)&

! ∀F,4G!∈!ℱ:!F4∘4G!∈!ℱ&(closed&under&composi$on)&

! ∀F,4G!∈!ℱ:!F4⊓4G!∈!ℱ&(pointwise&infimum)&

!
! Monotone&Dataflow&Analysis&Framework&

! Consists&of&a&meet&semi^laoce&!&

! And&a&monotone&func$on&space&ℱ'
! distribu$ve,&if&all&func$ons&are&distribu$ve&over&⊓: 
∀F!∈!ℱ:!∀x,4y!∈!L:!F(x4⊓'y)'='F(x)'⊓'F(y)  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Computing Data Flow Analyses

! Meet^Over^All^Paths&(MOP)&solu$on&desired  
F(n1,&...&nk):&L&→&L&:&F(n1,&...&nk)(x)&=&(Fnk&∘&F(n1,&...&nk:1))(x)  
MOP&is&⨅Path!Pi!&FPi&

! Can&be&computed&for&1,&2,&3,&4,&5,&10,&11;&  
1,&2,&3,&4,&5,&6,&7,&8,&10,&11; 
1,&2,&3,&4,&5,&6,&7,&8,&6,&7,&8,&10,&11;&etc.&

! But&when&should&we&stop&calcula$ng?  
 
&&&&&&&&&&&Analysis&$me&not&linear&with&program&size!
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CHAPTER 2. DEPENDENCE GRAPHS AND SLICING FOR
OBJECT-ORIENTED LANGUAGES

1 read(n);
2 i = 1;
3 sum = 0;
4 prod = 1;
5 while (i <= n) {
6 sum = sum + i;
7 prod = prod * i;
8 i++;
9 }

10 write(sum);
11 write(prod);
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Figure 2.1: Example program and its CFG
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Fixed points

! Fixed&point&of&an&operator&f&on&a&semi^laoce&L&is&an&element&

x!∈!L&such&that&f(x)!=!x.&
! Maximal&fixed&point&(MFP)&x&if&∀!y!∈!L:!f(y)!=!y!⇒!y!⊑!x.
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Computing the MFP

! 8ix(s)':='A[s]&amer&loop&(Kildall&’77)&
! Coincience&Theorem&(Kam,&Ullman&’77)  
 
 
 
if&ℱ&is&distribu$ve&
!

! If&ℱ&is&not&distribu$ve,&the&equality&
becomes&⊑,&i.e.,&the&fixed&point&is&only&
a&conserva$ve&approxima$on
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2.1. INTRAPROCEDURAL DATAFLOW ANALYSIS

Algorithm 1 Kildall’s algorithm to compute the MFP

1 Input: CFG a control flow graph
2 Fq transfer functions of a monotone dataflow analysis framework
3 Output: A an array of lattice elements containing the MFP of the MDFAF
4 foreach n 2 CFG do
5 A[n] = ?
6 od
7 do
8 change = false
9 foreach n 2 CFG do

10 temp =

d
q2pred(n)

Fq(A[q])

11 if temp 6= A[n]

12 change = true
13 A[n] = temp
14 fi
15 od
16 until !change

Theorem 2.1 (Coincidence Theorem [KU77]). Let P1, P2, . . . be all (maybe
infinitely many) paths from START to the program point s; let the transfer
functions FB be distributive; let A[s] = fix(s) 2 L be the value computed by the
fixed point iteration. Then follows:

fix(s) =

l

Path P
i

ending in s

FP
i

(?)

In the general case of non-distributive transfer funtions, the MFP is only
less or equal to the MOP.

2.1.2 Reaching Definitions

Reaching definitions is a traditional dataflow problem of optimizing compilers
but is also a prerequisite for computing the program dependence graph. It
answers the question, if a definition of a variable at one given statement can
reach the use of that variable at another statement without being redefined on
the way. A definition is a statement that assigns some value to a variable, while
a use is a statement that takes a variable as parameter. A definition can reach
another statement, if there is a path from the definition to that statement in
the CFG without any other definition of the same variable on that path:

Definition 2.7 (Reaching Definitions). Let Def(n) be the set of variables defined
at a node n in the CFG G, then a definition d of a variable var(d) := v, where
v 2 Def(n), reaches a (not necessarily different) node n0, if there is a path P =

(n = n0, . . . , nk = n0
) in G with k > 0 such that 8i 2 1, . . . , k � 1 : v 62 Def(ni).

Reaching definitions can be expressed as a distributive monotone data flow
framework with the powerset of D, the set of all definitions, as the lattice

29

fix (s) =
�

Path Pi ending in s

FPi(�)
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Reaching definitions

! Reaching&defini$ons&is&classical&compiler&problem&

! Also&prerequisite&for&compu$ng&dependence&graphs&

! Does&a&defini$on&of&a&variable&reach&the&use&at&a&statement?&

! Without&being&redefined&underway?&

! Def(n)&set&of&variables&defined&at&n&
! Use(n)&set&of&variables&used&at&n&
! Defini$on&d,&variable&v':='var(d)&where&v'∈'Def(n)&
! d&reaches&node&n’&if&∃Path&P'='(n=n0,'...,'nk=n’)&in&G,&k'>'0 
∀i'∈'1,'...,'k'?'1:'v'∉'Def(ni)
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Reaching definitions as a DMDFF

! !!=!(A(D),!⊇,!∪,!∅)4(powerset&of&all&defini$ons)&
! Transfer&func$ons&derived&from&abstract&seman$cs&of&

variable&assignment&

! Fn(X)'='X'\'kill(n)'∪'gen(n)'
! Statement&n!defines&variables&in&Def(n),&so&all&defini$ons&in&
D&defining&the&same&variable&can&no&longer&be&visible&(killed)&

!
! All&elements&of&Def(n)&are&generated&by&n,&i.e.&visible&amer&

its&execu$on  
gen(n)':='Def(n)&

! This&MDFF&is&distribu$ve&(MOP&and&MFP&coincide)
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CHAPTER 2. DEPENDENCE GRAPHS AND SLICING FOR
OBJECT-ORIENTED LANGUAGES

elements L in L = (L,, ?, D,[,\). The transfer functions are derived from
the abstract semantics of variable assignment:

Fn(X) = X \ kill(n) [ gen(n)

A statement n defines the variables in Def(n), so all definitions in D that define
the same variables can no longer be visible after n has executed, i.e. they are
overwritten or “killed” by this definition. All elements of Def(n) are “generated”
by that statement and thus visible after its execution. This can be formalized
as follows:

gen(n) := Def(n)

kill(n) :=

[

v2Def(n)

Dv, where Dv := {d 2 D | v = var(d)}

As reaching definitions is a distributive monotone dataflow analysis frame-
work, its MFP computed by Kildall’s algorithm with which the MOP solution
coincides.

2.1.3 Static Single Assignment Form

A very popular program representation is called static single-assignment (SSA)
form [CFR+91]. It effectively separates a program’s values from the program’s
variables and thus enables several more effective optimizations. A program
is in static single-assignment form if every variable is assigned at most once
in the source code. It is called static because the variable may very well be
assigned to multiple times during program execution, e.g. in a loop. For program
analysis, the outstanding property of SSA form is that it makes def-use chains,
as computed by reaching definitions in the last section, explicit and allows flow-
sensitive analysis for the program’s variables, as each variable is assigned to
exactly once. Because of that, SSA form has become a standard intermediate
representation in program analysis.

To compute the static single-assignment form [CFR+91], one usually in-
troduces a subscript for each variable that is incremented at each assignment
statement. At join points in the control flow graph, new assignments with a
so-called �-operator need to be inserted that represent the choice of the ap-
propriate variable according to the program’s flow. Note that programs in SSA
form are equivalent to the original program. As an example, consider Figure 2.2,
where a program is depicted alongside its SSA form. In line 5 of the SSA form,
sum2 is defined as either sum1, if the while loop has not yet been entered, or
else as sum3, the last value defined in the loop body.

2.2 Program Slicing

A program slice contains only those statements of a program that potentially
influence the execution of a given statement of interest. The idea of (static)
program slicing was first presented by Weiser [Wei79, Wei81, Wei84] in 1979.
Weiser formulated the seminal idea that, while debugging, programmers build
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Basic Blocks

! Exactly&one&entry&point 
no&code&within&is&the&des$na$on&of&a&jump&instruc$on&

! Exactly&one&exit&point 
only&the&last&instruc$on&can&be&a&predicate 

! Whenever&the&first&instruc$on&in&a&basic&block&is&executed,&

the&rest&of&the&instruc$ons&are&necessarily&executed&exactly&

once,&in&order 

! Simplifies&analysis&when&performed&on&basic&blocks&instead&

of&statements
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Example

(1) read(n);&

(2) i&=&1;&

(3) sum&=&0;&

(4) prod&=&1;&

(5) while&(i&<=&n)&{&

(6) &&sum&=&sum&+&i;&

(7) &&prod&=&prod&*&i;&

(8) &&i++;&

(9) }&

(10) write(sum);&

(11) write(prod); 

! gen(B1)&=&{d1,&d2,&d3,&d4}&

! kill(B1)&=&{d6,&d7,&d8}&

! use(B1)&=&∅&//maybe&{n}&
!
! gen(B2)&=&∅&=&kill(B3);&

! use(B2)&=&{i,n}&
!
! gen(B3)&=&{d6,&d7,&d8}&

! kill(B3)&=&{d2,&d3,&d4}&

! use(B3)&=&{i,&sum,&prod}&
!
! gen(B4)&=&∅&=&kill(B4)&

! use(B4)&=&{sum,&prod}
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Example

(1) read(n);&

(2) i&=&1;&

(3) sum&=&0;&

(4) prod&=&1;&

(5) while&(i&<=&n)&{&

(6) &&sum&=&sum&+&i;&

(7) &&prod&=&prod&*&i;&

(8) &&i++;&

(9) }&

(10) write(sum);&

(11) write(prod); 

! Ini$aliza$on:&in&=&[∅,&∅,&∅,&∅]&&

! in(B1)&=&∅,&change&=&F&

! in(B2)&=&out(B1)&∪&out(B3)&=&
FB1(in(B1))&∪&FB3(in(B3))&= 
(∅&\&{d6,&d7,&d8}&∪&{d1,&d2,&d3,&d4})&
∪&(∅&\&{d2,&d3,&d4}&∪&{d6,&d7,&d8})&=&
{d1,&d2,&d3,&d4,&d6,&d7,&d8} 
change&=&T&

! in(B3)&=&out(B2)&=&FB2(in(B2))&= 
{d1,&d2,&d3,&d4,&d6,&d7,&d8}&\&∅&∪&∅&&

=&{d1,&d2,&d3,&d4,&d6,&d7,&d8},&

change&=&T&

! ... 16

in&is&called&A&
in&the&

algorithm

B1

B3

B4

B2
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Example
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Example

(1) read(n);&

(2) i&=&1;&

(3) sum&=&0;&

(4) prod&=&1;&

(5) while&(i&<=&n)&{&

(6) &&sum&=&sum&+&i;&

(7) &&prod&=&prod&*&i;&

(8) &&i++;&

(9) }&

(10) write(sum);&

(11) write(prod); 

! in(B1)&=&∅,&change&=&F&

! in(B2)&=&out(B1)&∪&out(B2)&=&{d1,&
d2,&d3,&d4,&d6,&d7,&d8},&change&=&F&

! in(B3)&=&out(B2)&=&{d1,&d2,&d3,&d4,&

d6,&d7,&d8},&change&=&F&&

! in(B4)&=&out(B2)&=&{d1,&d2,&d3,&d4,&

d6,&d7,&d8},&change&=&F&

! Algorithm&terminates&here&

!
! need&to&use&transfer&func$ons&in&

the&block&to&determine&reaching&

defini$ons&for&statements
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Example

(1) read(n);&

(2) i&=&1;&

(3) sum&=&0;&

(4) prod&=&1;&

(5) while&(i&<=&n)&{&

(6) &&sum&=&sum&+&i;&

(7) &&prod&=&prod&*&i;&

(8) &&i++;&

(9) }&

(10) write(sum);&

(11) write(prod); 

! in(B1)&=&∅&

! in(B2)&=&{d1,&d2,&d3,&d4,&d6,&d7,&d8}&

! in(B3)&=&{d1,&d2,&d3,&d4,&d6,&d7,&d8}&

! in(B4)&=&{d1,&d2,&d3,&d4,&d6,&d7,&d8}&

! at&beginning&of&B2&all&defini$ons&

are&visible,&in&par$cular&both&

defini$ons&of&i,&sum,&and&prod&

!
! But: 

in(7)&=&F6(in(B3))&= 

                       {d1,&d2,&d4,&d6,&d7,&d8}
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